Introduction
Lithium-ion battery is the core of new plug-in hybrid electrical vehicles ͑PHEV͒ as well as considered in many second generation hybrid electric vehicles ͑HEV͒. Micro-macroscopic battery electrochemical modeling is connected with the hybrid vehicle design, scale-up, optimization, and control issues of HEV where the battery plays an important role in this area as high-rate transient power source. The battery models based on electrochemistry laws ͓1,2͔ are generally preferred to the equivalent circuit or to other kinds of simplified models because they also predict the physical cells limitations, which have a relevant effect in the automotive application where the battery suffers very often the stress of very high transient loads ͓3͔.
The importance of lithium-ion battery has grown in the past years. Based on the the third lightest element, this kind of battery has the right characteristics to be widely used in the hybrid vehicles, thanks to its high energy density, no memory effect, and a slow loss of charge when not in use. As the majority of advanced battery systems, lithium-ion batteries employ porous electrodes in order to increase the active area between electrolyte and solid active material, facilitating the electrochemical reactions ͓3-6͔.
Literature on electrochemical modeling of batteries is quite extensive, including both full order and simplified models. A first electrochemical approach to porous electrodes modeling for battery applications was presented by Newman and Tiedemann in Ref. ͓7͔. In the porous electrode theory ͓7͔, the electrode is treated as a superposition of two continua, namely, the electrolytic solution and the solid matrix. The solid matrix is modeled as microscopic spherical particles where the lithium ions diffuse and react on the spheres surface. This approach was later expanded to two composite electrodes and a separator by Fuller et al. in ͓8͔ . Based on this model, Ramadass et al. in ͓9͔ accounted for the decay in capacity of the cell while Sikha et al. in ͓10͔ included the change in the porosity of the electrode material as a function of time using a pseudo-two-dimensional approach. Unfortunately, due to the irregular morphology, the electrode porosity increases the model complexity. Thus, a macroscopic description of the cell is needed. A micro-macroscopic coupled model meeting this requirement with microscopic and interfacial phenomena, as described in the porous electrode theory, rigorously and systematically integrated into a macroscopic battery model was introduced by Wang et al. in ͓11͔. It incorporates solid-state physics and interface chemistry and can be adapted to a wide range of active materials and electrolyte solutions. Presented at the beginning for Ni-MH batteries ͓12͔, it was quickly expanded to lithium-ion batteries in ͓3,13͔ where the thermal behavior was also described. The full order electrochemical models predict the profile of solid concentration, i.e., lithium concentration in the solid phase across the electrode, during charge and discharge, but it is difficult to apply to a realtime on-board vehicle estimator due to the complexity of the model. As a consequence several approximations between the input and output of the dynamical system and the battery input and output are introduced to reduce the system order and complexity ͓4,14͔ and to allow the estimation of the battery state of charge ͑SOC͒.
The SOC estimation and regulation is one of the most important and challenging tasks for hybrid and electrical vehicle control. In fact, when the batteries operate in a relative limited range of state of charge, high efficiency, slow aging, and no damaging are expected. Several techniques have been proposed for the SOC estimation, such as equivalent circuit model-based algorithms ͓15,16͔ or black-box methods ͑as an example using fuzzy-logic ͓17͔͒. The accuracy reached by these SOC estimations is approximately 2% ͓18͔.
Recently, the effort to use electrochemical models in order to estimate the internal state of the battery has been intensified. Starting from the model introduced by Wang in ͓19͔ a low order state variable model practical for real-time estimation and control has been obtained. In ͓20͔, based on a simplified representation of the electrode introduced by Haran et al. in ͓21͔, a Kalman filter was designed in order to estimate an average value of the bulk solid concentration.
In this paper, we employ an electrode-average concentration approximation, similar but higher order than the single-particle electrode estimation of ͓20͔. We then present an extended Kalman filter for SOC, which typically relates to the bulk battery capacity through integration of the current drawn, although in our work it represents the average particle concentration of the averageelectrode. We also estimate the critical surface charge ͑CSC͒ estimation, which is the electrode-average solid concentration at the electrolyte interface. In the following, a general micromacroscopic lithium-ion battery model, as it is presented in ͓3͔, is summarized and a numerical solution is shown. Then, the model is simplified in order to make it compatible with a feasible solid concentration estimation. Finally, an extended Kalman filter ͑EKF͒ is designed based on the averaged model. The estimation results are compared with the high order numerical approximation of the micro-macroscopic model prediction.
Battery General Feature
A battery is composed of three parts: the two electrodes and the separator. Referring to a porous battery, each electrode consists of a solid matrix inside an electrolyte solution.
In particular, for a lithium-ion battery, the anode ͑or referring to the battery discharge, "negative electrode"͒ is composed of carbon and the cathode ͑or "positive electrode" during discharge͒ is a metal oxide.
In the separator, the lithium-salt electrolyte is held in an organic solvent such as LiPF 6 , LiBF 4 , or LiClO 4 , or in a solid polymer composite such as polyethylene oxide or poly-acrylonitrile ͑lithium-ion polymer battery͒. Both the solvent and the polymer conduct the ion but they are electronic insulators. As shown in Fig. 1 , at the negative electrode, the solid active material particles of lithium of the Li x C 6 diffuse until the electrolyte-solid interface where the chemical reaction occurs, transferring the lithium-ion to the solution and the electrons to the collector ͓3͔. The produced electrolyte material travels through the solution to the positive electrode where, at the interface with solid material, they react and insert into the metal oxide solid particles. where the two ways of the reaction refer to the battery discharge reaction ͑right arrow͒ and to the battery charge reaction ͑left arrow͒.
The phenomena occurring at the microscale can have strong implications for the cell discharge and charge during pulse operations. However, due to the complexity of solid-electrolyte interface morphology, it is problematic to solve the equations on a microscopic scale ͓11͔. So, in order to mathematically model the battery, both macroscopic and microscopic physics have to be considered. The equations describe the battery system with four quantities, i.e., solid and electrolyte concentrations ͑c s , c e ͒ and solid and electrolyte potentials ͑ s , e ͒. Table 1 summarizes the nomenclature for the model development. The complete set of equation for the micro-macroscopic model is ͓3,13͔
describing the potentials distribution and 
describing the diffusion governed concentrations for the positive ͑p͒ and negative ͑n͒ electrode. In order to simplify the model, we assume a constant electrolyte concentration c e . This simplification can also be found in Ref. ͓20͔ and is justified due to the insignificant ͑Ͻ5%͒ variations observed in the electrolyte concentration in the detailed model ͓3͔. Then the set of equations can be simplified by neglecting the Eq. ͑3͒ and simplifying the Eq. ͑1͒. Furthermore, introducing the solid current i s and the electrolyte current i e the second order partial differential equations ͑PDE͒ system for the potentials can be rewritten as
with the Butler-Volmer current density
where R and F are the universal gas constant and Faraday's constant, T is the absolute temperature, and is the overpotential, obtained as The normalized solid-electrolyte at the negative and positive electrodes are here indicated with n and p , respectively. The coefficient j 0 in ͑9͒ also exhibits a modest dependence on the solid and electrolyte concentrations, according to
͑15͒
Finally, the cell potential, which is typically measured is computed as
where R f is the film resistance on the electrodes surface. In Fig. 2 , the model equations and their boundary conditions for the x-domain and r-domain are shown. Note that the temperature spatial and temporal gradients are neglected in this work.
For completeness the battery model parameters are summarized in Table 2 and more details on the model and its parameters can be found in ͓3,12͔.
Numerical Solution
In order to solve the battery PDE model, the boundary conditions are necessary. At the boundary with the current collectors of the negative and positive electrode, i.e., at x = 0 and at x = L ͑see 
because at the collector there is no electrolyte flux, and the solid current, i.e., the spatial gradient of solid potential, corresponds to the applied current density.
At x = ␦ n and at x = ␦ sp , i.e., the separator-electrode interfaces, the boundary conditions are
because no charge passes through the separator. Assuming a onedimensional model, the sum of Eqs. ͑7͒ and ͑8͒ gives
which implies that the "total current" ͑i s + i e ͒ has to be constant along the cell. Furthermore, this constant value is known because the boundary conditions ͑17͒ and ͑19͒ give the constant value
which translates, considering Eqs. ͑21͒ and ͑22͒, to
It can also be shown, integrating Eq. ͑7͒ ͑or, equivalently, Eq.
͑8͒͒ between x = 0 and x = ␦ n , that the condition ͑24͒ is equivalent
as expected because the total current generated by the microscopic chemical reactions is the integral along the cell of the microscopic current density flux. The same condition can be found for the positive electrode
By the way, the Eqs. ͑5͒-͑8͒ are two second order PDEs with two sets of boundary conditions defining the slopes at the boundary. Hence, the distribution shape of the potentials can be found but not its absolute value. To provide the complete solution for e ͑0 Ͻ x Ͻ ␦ n ͒ and s ͑0 Ͻ x Ͻ ␦ n ͒, we first assume s ͑x =0͒ = 0 and then we find e ͑x =0͒ by using the constrain given in the ͑27͒. Similarly, to find the potentials e ͑␦ sp Ͻ x Ͻ L͒ and s ͑␦ sp Ͻ x Ͻ L͒, we apply the corresponding constrain for the positive electrode, i.e., Eq. ͑28͒.
Regarding the solid active material, the boundary conditions connect the concentration with the chemistry of the reactions through the surface microscopic current density. So the boundary condition at r =0 is
and at r = R s , the boundary conditions are
for positive electrode's particles
for negative electrode's particles. Finally, in Fig. 2 , the complete set of equations is provided and a graphical representation of the boundary conditions for x-domain and r-domain is shown.
The lithium-ion PDE system with its initial and boundary conditions was simulated and numerically solved in the MATLAB/ SIMULINK environment by using the finite difference method. To reproduce the spatial dependence of the model variables, the currents ͑i s and i e ͒, the potential ͑ s and e ͒ and the Butler-Volmer current j Li were spatially discretized and the differential Eqs. ͑5͒-͑8͒, with the Eq. ͑9͒, were solved using the finite difference method. Referring to the negative electrode, let N x the number of 061302-4 / Vol. 132, NOVEMBER 2010 Transactions of the ASME discretization steps. The algebraic variables, depending on time, are s l ͑t͒, e l ͑t͒, i s l ͑t͒, i e l ͑t͒, and j l Li ͑t͒, and the algebraic system, to be solved each simulation step, is
Critical are the boundary condition at l = 1. Equations ͑17͒ and ͑19͒ give an initial input to recursively solve Eq. ͑32͒ with respect to currents i s and i e , but to solve the whole system the values of the potentials at x = 0 are needed. As discussed above, we fix s ͑x =0͒ =0. With this assumption, the problem is how to find the correct electrolyte potential value at the collector, i.e., e ͑x =0͒, satisfying one of the equivalent conditions ͑21͒ and ͑25͒ or ͑27͒. The solution has been obtained by numerically minimizing ͉i S ͑␦ n ͉͒ via a MATLAB/SIMULINK optimization tool. Note that if the dependence of the Butler-Volmer current on the solid concentration is not neglected, the model needs the optimization of the parameter e ͑x =0͒ at each simulation step. The input of the algebraic recursive system ͑32͒ is the battery current I while the solid concentration can be considered as a set of parameters that, as we are going to show, can be derived starting from the Butler-Volmer current.
The dependence of the solid concentration c s ͑r , x , t͒ on x can be described by applying the same discretization procedure that turns into c s l ͑r , t͒, with l =1, . . . ,N x . For each l, the partial differential ͑4͒ governs the r-dependent c s l behavior. For a state-space formulation of the solid concentration diffusion equations, let the battery current I be the model input, which governs the boundary conditions of ͑5͒-͑8͒ as shown in Fig. 2 . For each x-dimension discretization step, an ordinary differential equation ͑ODE͒ is obtained by using the finite difference method for the r variable ͓23͔. This results in 2N x different systems ͑N x for the negative and N x for the positive electrode͒, each of ͑M r −1͒-order, driven by a timedependent nonlinear function of the battery input I through the Butler-Volmer current. Making explicit the r-derivative in ͑4͒, it is where A and b can be determined from ͑36͒ and the U l can be considered as a set of N x parameters, each of them appearing in one of the respective N x state-space systems and has to be derived from ͑5͒-͑8͒. The output of the system is the value of the solid concentration on the sphere radius that can be rewritten as
These equations show that solid concentrations and potentials are related through the Butler-Volmer equation through the boundary condition. Furthermore, along each electrode, as the boundary condition, i.e., the input U l , depends on x the system output c se is also function of x.
For the positive electrode the same procedure was applied. Also in that case, one needs to fix the boundary conditions at the collector, so the optimization tool was used to find the value of s ͑L͒ that satisfies the condition on the solid current at x = L. On the contrary, at the separator, the discretization can be avoided and the analytical solutions can be obtained. For ␦ n Ͻ x Ͻ ␦ sp , the current of the solid material is zero; hence, the electrolyte current has to be i e = I A ͑39͒
to satisfy the Eq. ͑24͒. Thus, using Eqs. ͑25͒ and ͑26͒, it is
Equations ͑39͒ and ͑40͒ were used in the simulation.
Simulation of Full Order Model
It is difficult to validate the micro-macroscopic battery model; hence, we repeat the test presented in ͓3͔ where the model was validated with a current profile according to FreedomCAR test procedure, an U.S. Department of Energy program for the zeroemission vehicle and technology research, as reported in ͓24͔. The test procedures, shown in the top plot of We here assume, according to ͓3͔, a single cell with a nominal capacity Q = 6 A h, and, for simplicity, we set uniform initial conditions on the solid concentration.
Figures 4 and 5 show the solid and electrolyte potential and the solid material concentration during the battery discharge and charge. The figures refer to the 50% SOC line in Fig. 3 . In detail, the discharge refers to a battery current I = 30 A after 2 s ͑i.e., after 4 s of whole test͒ and the charge refers to a current I = −25 A after 3 s ͑i.e., after 55 s of the whole test͒. Note that the potential profiles during the discharge agree with the slope imposed by the boundary conditions.
Figures 4 and 5 point out that the solid concentration is a function of the position along the electrodes. The critical values for electrodes depletion and saturation effects are the lowest one for the ion-production electrode and the highest one for the ioninsertion electrode. Because of the solid concentration profile during charge and discharge, as shown in Figs. 4 and 5, the critical points are x = ␦ n and x = ␦ sp both during discharge and during the charge.
Average Model
A model simplification can be provided neglecting the solid concentration distribution along the electrode and considering the material diffusion inside a representative solid material particle for each electrode. This approximation leads to an average value of the solid concentration that can be related with the definition of battery state of charge and of critical surface concentration. Although this simplified model results in a heavy loss of information, it can be useful in control and estimation applications and still maintains a small connection with the physical phenomena and dimensions ͓25͔.
In accordance with the average solid concentration, the spatial dependence of the Butler-Volmer current is ignored and a constant value j Li is considered, which satisfies the spatial integral ͑27͒, giving for the negative electrode ͑and can be reproduced accordingly in the positive electrode, considering Eq. ͑28͒͒
where ␦ n is the negative electrode thickness, as shown in Fig. 1 .
The battery voltage ͑16͒, using Eq. ͑10͒, can be rewritten as V͑t͒ = ͑L,t͒ − ͑0,t͒ + ͑ e ͑L,t͒ − e ͑0,t͒͒ + ͑U p ͑c se ͑L,t͒͒
and using the average values at the negative and the positive electrode instead of the boundary values, the following relation is obtained:
Using the microscopic current average values and imposing the boundary conditions and the continuity at the interfaces, the solutions of Eqs. ͑5͒-͑8͒ are, for the negative electrode 
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which correspond with Eq. ͑40͒ with value of e ͑␦ n ͒ computed by Eq. ͑46͒ and for the positive electrode,
where ␦ sep = ␦ sp − ␦ n is the separator thickness. The approximate solutions ͑46͒ and ͑49͒ lead to
Furthermore, considering
where n and p can be estimated as
Finally, the battery voltage ͑45͒ can be written as a function of battery current and of the average solid concentration,
Thus, the averaging Butler-Volmer current leads to consider a representative solid material particle somewhere along the negative and positive electrode. This simplified model has similarities with the "single-particle" model introduced in Ref. ͓8͔. In Ref.
͓8͔, the diffusion dynamics are approximated with a first order ODE, whereas in the electrode-average model a ͑M r −1͒-order ODE is used. Furthermore, in the electrode-average model, the cell voltage depends, through U n and U p , on the solid-electrolyte concentration instead of the average single-particle bulk concentration.
Figures 6-10 demonstrate the performance of the reduced order model driven by the ͑M r −1͒-order ordinary differential Eq. ͑37͒, comparing the simulated signal with the full order model given by Eq. ͑37͒ resolved at N x locations across the x-direction. In particular, Fig. 6 shows a good cell voltage prediction at different discharge rates from 10 A to 300 A. The depletion and saturation effects, respectively for negative and positive electrode, are evident for higher discharge rate where a sudden drop of initial SOC and cell voltage can be noticed. Note that the average voltage response reproduces the full order model numerical solution with comparable precision for different discharge rates and SOC levels. Figure 7 show a good battery voltage prediction during a FreedomCAR test procedure with a maximum error of 0.3 mV for the considered charge and discharge rate. Figure 8 shows the temporal distribution of solid concentration, highlighting a good agreement between the distributed value of the solid concentration and the predicted average. Figure 9 shows the error between the average solid concentration and the solid concentration at the electrodes depletion/saturation effects critical points, i.e., the electrodes-separator interfaces, as it is predicted by the full order model. Figure 10 shows the spatial distribution of electrodes solid surface concentration at various times during a 30 A discharge ͑constant for the average model͒ and the error introduced by averaging the spatial distribution with the average solid concentration value. Finally, Fig. 11 highlights, particularly for the negative electrode, that the solid material depletion is deeper during the pulse operations, implying an unavoidable degradation of the average model performance. The predicted gradient in solid surface concentration throughout the electrode here is smaller that the ones shown in ͓19͔ but as far as we know, nobody has really shown experimentally what the exact spatio-temporal profile of the Li-ion concentrations is.
Kalman Filter State of Charge Estimation
In most cases the battery voltage is measured and along the known input ͑current demanded͒, one needs to estimate the battery SOC and CSC. The physical quantity related to the battery charge is the solid concentration at the electrodes. As the solid concentration is a function of the position along the electrodes, the critical values for the state of charge estimation, able to predict correctly the electrodes depletion and saturation effects, are the lowest one for the ion-production electrode and the highest one for the ion-insertion electrode. Unfortunately, a spatially resolved concentration estimation cannot be probably realized in real-time due to the iterative process involved in the 300-state numerical solution for the full order model. A solid concentration estimation that predicts the critical concentration levels would have been more elegant. Unfortunately, the key feature of SOC estimation relies on the Butler-Volmer current values at the electrode borders. The microscopic current is not measurable, so it should be derived from the battery current by solving the PDEs ͑5͒-͑8͒ or the discretized equivalent ͑30͒ and ͑35͒ 2N x times, which is similarly intractable. Instead, we explore the estimation using the averaged model of Sec. 5.
Specifically, the average dynamical system describes the diffusion effects into two solid material particles, one for the positive electrode and one for the negative electrode and allows the computation of the solid concentration at the spheres radius, which represents an average value of the solid concentration along the electrodes. However the cell voltage ͑33͒ depends on ͑U p ͑c se,p ͒ − U n ͑c se,n ͒͒ making the difference of the open circuit voltage observable but does not necessarily guarantee the observability of each open circuit voltage. Indeed, the system that includes both positive and negative electrode concentration states is weakly observable ͑in the linear sense͒ from the output cell voltage.
It is possible to find a relation between the positive and negative electrode-average solid concentrations, which can be used for the estimation of the negative electrode concentration based on the positive electrode. As it is shown below, the positive electrode concentration states are observable from the output cell voltage. Then, the voltage measurement is used to compute the voltage prediction error and it is then fed back to the positive ͑alone͒ electrode concentration observer. The enabling relation for realizing the negative electrode concentration as a function of the positive electrode concentration can be found in the SOC definition introduced in Eq. ͑42͒. In particular, we assume equal average solid concentration of both electrodes and allow the SOC estimation using a single averaged electrode solid concentration, even though it would have been safer to estimate SOC based on the most critical level of the solid concentration along the electrode, which can be at the electrode ends and not in the middle. By assuming that the SOC value is equal at the two electrodes, using Eq. ͑42͒, the negative electrode concentration can be computed as function of positive electrode concentration as
where n0% , n100% , p0% , and p100% are the reference stoichiometry points for the negative and the positive electrode. due to the fact that the battery potential V is only a function of the solid concentration at interface. This output matrix C leads to a strongly observable system. The nonlinear system observability was also studied. Equation ͑59͒ leads to a ͑M r −1͒-dimensional codistribution H of the observation space H, which imply that the system is strongly locally observable ∀c se,p 0 ͓26͔.
Based on the average model developed in the previous section, a Kalman filter can be designed according to
where x and ŷ are the estimated state and output, respectively, V is the output nonlinear function in Eq. ͑57͒, A p and B p are the matrices describing the dynamical system defined in Eq. ͑59͒, C is defined in Eq. ͑60͒, and K e is the Kalman gain, obtained as follows
where P is the solution of the Riccati equation
and Q and R are weight matrices appropriately tuned. Note that one of the main advantage of the filter proposed in this paper is that the bulk and the interface solid concentration are estimated, allowing the estimation of both the CSC and the SOC.
Figures 12-17 highlight the filter performance. In particular, Figs. 16 and 17 show the simulation results for some reasonable choice of Q and R when band-limited white noise is added to the battery current and voltage in order to simulate the sensors noise. More noisy ͑and less expensive sensors͒ will require more filtering, which will slow down the estimation rate and future work on an experimental battery needs to address these issues. open loop model prediction was 10% wrong. The step in current demand results in a step in solid concentration, which is again estimated by the filter, as shown in a zoom of the same figure. In particular, the Fig. 13 shows explicitly the error between the estimated solid concentration and the solid concentration depletion/ saturations critical values, which are the interesting quantities to estimate for a refined estimation. It is shown that the error is less than Ϯ0.4% and Ϯ3.0% in the positive and negative electrodes, respectively. The negative electrode has higher prediction errors than the positive electrode due to the lack of direct observability from the voltage prediction error. In Fig. 14, the estimation of the CSC and SOC is compared with coulomb counting ͑CC͒ that evaluates the battery charge with the integral of battery current. As it is shown, the CC is unable to recover the error in the initial conditions. Figure 14 also highlights that the discontinuity in the CSC during the current steps, which is slowly recovered due to the diffusion into the particle, is only partially observable through the SOC estimation. Furthermore, the reduced order model-based Kalman filter provides also a good estimation for the single electrode open circuit voltage even though just the open circuit voltage U p − U n is observable. This accuracy is accomplished because the measured output V is not very sensitive to U n , so the correct value of the battery voltage can be predicted uniquely by the positive electrode solid concentration, as confirmed by the results shown in Fig. 15 . Figures 16 and 17 show that the filter performance is barely affected by the measurement imprecision. Introducing the sensors noise into the simulation, in fact, increases the estimation convergence time and reduce the precision. However, the performance is still satisfying.
Conclusion
An isothermal numerical calculation of the solid concentration evolution in the two electrodes of a lithium-ion battery cell driven by a spatially distributed Butler-Volmer current was presented. The numerical solution is implemented in MATLAB/SIMULINK using the finite difference method. The isothermal electrochemical model of the lithium-ion battery cell was then used to derive an averaged model coupling, the average microscopic solid material concentration with the average values of the chemical potentials, electrolyte concentration, and current density. The full and the reduced order models were then compared and simulation results were shown and discussed. Finally, an EKF, based on the electrode-average model, was designed for the CSC and SOC estimation. Using a typical discharge followed by a charge test the estimation results show a Ϯ0.4% and Ϯ3.0% error in predicting the critical solid concentrations in the positive and negative electrode, respectively. 
